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Abstract 
Let A be a countable space such that the function space C,(A) is anaIytic. We prove that there 
exists a countable space X such that X contains A as a closed subset and the function space C,(X) 
is an absolute F,,a-set. Therefore, if C,(A) is analytic non-Bore1 then C,,(A) is not a factor of 
C,(X) and there is no continuous (or even Borel-measurable) extender e: C, (A) + C, (X) (i.e., 
a map such that e(f) 1 A = f, for f E C,(A) ). This answers a question of Arkhangel’skii. 
We also construct a countable space X such that the function space C,(X) is an absolute 
Fc,r-set and X contains closed subsets A with C,(A) of arbitrarily high Bore1 complexity (or 
even analytic non-Borel) .
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1. Introduction 
All spaces are assumed to be completely regular. For a space X we denote by C,(X) 
the space of all continuous real-valued functions on X endowed with the topology of 
pointwise convergence. If X is infinite and countable then the space C,(X) is a dense 
linear subspace of Rx, the countable cartesian product of the real line. Let us recall that 
an analytic space is a continuous image of the irrationals w“’ (we refer the reader to 
[ 81 for other information concerning Bore1 and projective classes). 
In this paper we prove the following: 
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Theorem 1.1. Let A be a countable space such that the function space C,(A) is 
analytic. Then there exists a countable space X such that X contains A as a closed 
subset and the function space C, (X) is an absolute F,s-set. 
Let us point out that if a countable space X is not discrete and C,(X) is an absolute 
F,s-set then by [ 7, Theorem 1.11, C, (X) is homeomorphic to (TO, where u = {(x,) E 
llY: xn = 0 a.e.}. 
Let A be a closed subset of a space X. We say that a map (not necessarily continuous) 
e : C,(A) -+ C,(X) is an extender if e(f)lA = f, for every f E C,(A). Observe that 
the existence of a continuous extender e implies that Cp( A) is a factor of C,(X). 
Indeed, the map f H (flA,f-e(flA)) is a homeomorphism of C, (X) onto C, (A) x 
{f E C,(X):f]A = 0) ( f i e is Borel-measurable then C,(X) and C,(A) x {f E 
C,(X): flA = 0) are Borel-isomorphic) . 
Arkhangel’skii [ 1, Problem 581 asked whether for every countable space X and its 
closed subset A there exists a continuous extender e : C,(A) --+ C,(X) . This question 
has been negatively answered by van Mill and Pol [ lo] in a strong way: they constructed 
X and A with no extender e : C,(A) + C,, (X) measurable with respect to the a-algebra 
generated by the Souslin sets. However, in their example C,,(A) is a factor of C,(X). 
Using Theorem 1.1 we can find another example solving Arkhangel’skiI’s question: 
Corollary 1.2. There exists a countable space X with a closed subset A such that C,(A) 
is not a factor of C, (X) and there is no Borel-measurable extender e : C, (A) + C, (X). 
Proof. Let A be a countable space such that C,(A) is analytic non-Bore1 (see [9, 
Theorem 4.11) and X be as in Theorem 1 .l. Obviously, C,(A) is not a factor of C,(X) 
and moreover C,(X) is not Borel-isomorphic with Cp( A) x {f E CP( X) : f]A E 0). 
Therefore there is no Borel-measurable extender e : C,(A) -+ C, (X) . 0 
We also apply Theorem 1.1 to construct the following: 
Example 1.3. There exists a countable space X such that the function space C,(X) is 
an absolute F,s-set and for every countable ordinal (Y 2 1, X contains a closed subset 
A such that the space C,,(A) is an absolute Bore1 set of an exact multiplicative class LY. 
The space X also contains a closed subset A with analytic non-Bore1 C,(A). 
In the above example spaces C,,(A) represent all possible descriptive classes. Obvi- 
ously, for closed A g X the space C,,(A) being a continuous image of C,(X) is always 
analytic and if C,(A) is Bore1 and A is infinite then by [5, Theorem 5.11, C,(A) is of 
the exact multiplicative class. 
Theorem 1 .l is proved in Section 3, the construction of Example 1.3 is given in 
Section 4. Section 2 contains some auxiliary results. 
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2. Descriptive complexity of C,(X) and embeddings of X into function spaces 
Let us recall that a map f : X + Y between separable metrizable spaces is of thejrst 
Baire class if f-t (U) is an F,-subset of X for every open U C Y. If Y = IR this means 
that f is a pointwise limit of a sequence of continuous functions on X. By B1 (X) we 
denote the space of all real-valued first Baire class functions on X, and B(X) is the 
space of Borel-measurable real-valued functions on X. Both spaces B1 (X) and B(X) 
are equipped with the pointwise topology. We will use the following facts concerning 
the relationship between the descriptive complexity of the function space C,(X) and 
embeddings of X into function spaces: 
Proposition 2.1. Let X be a countable space. The following conditions are equivalent: 
(a) C, (X) is analytic, 
(b) X can be embedded in C,(w”), 
(c) X can be embedded in BI (2”)) 
(d) X can be embedded in B(S) , for some analytic space 5’. 
Proof. (a)+(b) For x E X let ax : C,(X) ---f R be defined by Gp, (f) = f(x) for 
f E C,(X) . It is standard that the map x H Ox is an embedding of X into C, (C,(X) ) 
Let u be a continuous map from w” onto C,(X). The map x H Gx o u is a required 
embedding of X into C, (w”). 
(b)+(c) Let P C 2” be the copy of the irrationals w” and let u : P + 0” be a 
homeomorphism. By [ 8, Theorem §35.VI] we can extend u to a map u : 2” --+ ow of 
the first Baire class. The map f H f o U, defined for f E C,, ( ow), is an homeomorphic 
embedding of C,(GP’) into BI (2”). 
(c)+(d) Trivial. 
(d) =S (a) Assume that X c B(S) . We have q E C,(X) if and only if for every 
f~Xandforeveryn~1thereexistm~1,k~1ands~,~~,...,~~~S~0thatfor 
every g E X if rnaxt<iGk ]f(si) - g(si)] < l/m then [p(f) - sp(g)l < l/n. Each set 
Cn,m,k ={SD E RX: %sl, $2,. . . , Sk E s)v(&? E x> 
[(,y~klf(fi) -dsi>l < l/m) =j Id.0 --&)I < l/n]} 
=projwx{(s~,s2,..., ” sk,q) ESk diX:v(gEX) 
is analytic and therefore 
coma3 
C,(X) = n u UG,“Lk 
n=l In=1 k=l 
is also analytic. Cl 
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Proposition 2.2 ( [ 6, Lemma 5.31). Let K be a compact space and X be a countable 
subset of C, (K). Then C, (X) is an absolute F,s-set. 
3. Proof of Theorem 1.1 
Let A be a countable space with the analytic function space C,(A). By Proposition 
2.1, we may assume that A is contained in Bl(2”). Enumerate A as {fn: n > 1). Let 
K = 2” U {a, b} be a compact metric space obtained by adding two isolated points a 
and b to the Cantor set 2”. 
Fix n >, 1. For every k 2 1, k # n pick a sequence of continuous functions 
f” .2” k,l . + &! converging pointwise to fk - fn. we define the following functions 
glE.1 :K--+lR: 
1 
fil(X) for x E 2@, 
d,/(x) = 2’k + 2-(k+‘) for x = a 
n forx=b’ 
fork#n,l>l, 
for x E 2”, 
for x = a, 
for x = b 
for k # n, and 
0 forxE2w, 
&o(x) = 0 forX=a, 
n for x = b. 
Let Y, = {&,r: k 2 1,Z > 0) s B1 (K) . We will consider the following subspaces of Y,: 
A, = {&a: k 2 11, 
C, = {&,I: k # n, I > 1) u {g:,,}. 
One can easily verify the following properties of the space Y, (to check ( l), (3) and 
(4) one should look at values at the point a) : 
(1) A,, is closed in Y,,, 
(2) C, G C,(K), 
(3) every point from C, \ {&,O} is isolated in Y,, 
(4) for every k # n, the sets {&,O} u {&,l: 2 2 m}, for m 2 1, form a neighborhood 
base of {gz,O} in G, 
( 5) the map &,,, H fk from A,, onto A is continuous and its inverse is continuous 
at fn. 
Using these properties we will show that 
(6) C,( Y,) is an F,s-set. 
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First, observe that from (3) and (4) it follows that the function cp : Y, -t R is continuous 
iff p(C,, is continuous and, for every k Z n, p( &) converges to p( & a). Therefore 
we have 
C,(Y,> = (Cp(Cn) x lv+ 
Proposition 2.2 and (2) implies that the first part of the above intersection is an F,s-set. 
It is routine to check that the second part is also an F,s-set. 
Let Y = Uz, Y,. We define X as the quotient space of Y obtained by identifying &!a 
with &&, for every k, m, n 2 1. We denote the quotient map from Y onto X by q. It is 
easy to check that X is a regular (hence normal) space. 
Observe that the function p : X + W is continuous iff for every n the composition 
cp o q is continuous on Y,. Since q is one-to-one on Y,, from (6), it follows that C,(X) 
is an F,s-set. 
It remains to show that X contains a closed copy of A. By ( 1 ), the set UE, A, is 
closed in Y, and therefore q( Uz, A,) is closed in X. Using (5) we can verify that the 
map q(&,,) H fk is a homeomorphism of q(uz, A,) onto A. 0 
4. Construction of Example 1.3 
We use a variation of the construction from [ 91. By 2” we denote the set of functions 
from (0, 1, . . . , n - 1) into (0, l}, n E w and let V, = {x E 2”: xln = s} where x]n is 
the restriction of a function x : w -+ (0, 1) to the set (0, 1, . . . , n - 1) and s E 2”. The 
open-and-closed sets V,, for s E 2”, n E w, form a canonical base of the Cantor set 2”. 
Let T C 2” x 2” be a universal analytic set, i.e., for every analytic set S c 2O there is 
an x E 2” such that S = TX = {y E 2”: (x,y) E T}, see [8, 53&V]. For every s, t E 2” 
and n E w let fs,t : T + R be the characteristic function of the set TflV, x V, and let 0 be 
the function identically equal to zero on T. Let B = { fs,r: s, t E 2”, n E o} U (0) C IRr 
and let C be a discrete union of B and a countable (infinite) discrete space D. We have 
B 5 C,(T), hence by Proposition 2.1, C,(B) is analytic. Since C,(C) = C,(B) x If@’ 
the space C,(C) is also analytic. Applying Theorem 1.1 we can find a countable space 
X with C,(X) being an absolute F,s-set and containing a closed copy of C. 
Fix x E 2w. Let A, = {fs,r: s,1E 2”,xln = s, n E w} U {0}, a closed subset of B, 
hence also closed in X. One can easily observe that if TX is dense in 2” then the space A, 
is homeomorphic to B, = {f jTx: f E A,} = {d: t E 2”, n E w} U (0) 2 C, (TX), where 
& : T, 4 IR is the characteristic function of the set TX n V,. All points & are isolated in 
B, and basic neighborhoods of 0 have the form B, \ ({e,,,,: n E w} U . . . U {&,,“: n E 
w}) for xt,...,xk E TX. Such spaces (described in different way and denoted by 
Zr,) were introduced in [9]. In [9,3,4] it was proved that the spaces Cp( Zx), for 
suitable Bore1 subsets X & 2”, may serve as examples of function spaces of an arbitrary 
multiplicative class LY, a 2 2. In particular, it can be shown that if TX is a Bore1 set of 
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an exact multiplicative class CY, a 3 2, then C,, (A,) is an absolute Bore1 set of an exact 
multiplicative class cy (see also the proof of Proposition 9.2 in [.5] ). If T, is analytic 
non-Bore1 then so is C, (A,), cf. [ 9, Theorem 4.11. Finally, taking closed discrete subset 
D of X we obtain C, (0) = RD of the exact multiplicative class 1. 
Remark 4.1. Properties of the space X from Example 1.3 can be strengthened in the 
following way. We may additionally achieve that, for a > 1, there exists a subset A of 
X as required in Example 1.3, and so that C,(A) is the so-called absorbing set for the 
class of absolute Bore1 sets of a multiplicative class a, introduced in [ 21; the same can 
be done for the class of analytic spaces. To obtain this we need to use the construction 
of the absorbing sets of the form C,, (X) given in [ 5, Section 91: 
Let T C 2@ x [0, 1]Oo be a universal analytic set, i.e., for every analytic set S C: 
[0, 1]Oo there is an x E 2” such that S = T, = {y E [0, 1]03: (x,y) E T}, see [8, 
§38.V]. Let d be a metric on [ 0, 1 ] M bounded by 1, and let B( q, r) denote the closed 
ball in [0, 1]Oo with the center q and the radius r. For n 2 1, let Qn be a finite subset 
of [0, l]O” such that, for every q E [O,l]” there exists q’ E Qn with d( q, q’) < l/n. 
Assume that the sets Qn, for II > 1, are pairwise disjoint. For every t E 2”, q E Q,, 
and n 3 1, let ff,rl : T -+ R be the characteristic function of the set T n V, x B(q, 2/n) 
and let 0 be the function identically equal to zero on T. Let B = {ft.,: t E 2”,q E 
Q,, , n 2 1) U (0) 2 C, (T) . As in Example 1.3 we can find a countable X with C,(X) 
of F,a-type and containing B as a closed subset. 
For fixed x E 2”, let A, = {fxln,q:q E Qn,n > 1) U (0). If T, is dense in [O, llm 
then the space A, is homeomorphic with the space Npr, from [ 5, Section 91. The space 
NFTY = N U {CO} has exactly one nonisolated point, 03. Let {qk}gl be an enumeration 
of Ug, Q,,. One can verify that the map identifying 0 with m and fxln,qk with k, for 
qk E Q,, and II 3 1, is a homeomorphism. Given (Y > 1, take a dense subset S = T, & 
[ 0, 1 ] w that is an absorbing set for the class of absolute Bore1 sets of a multiplicative 
class u (such sets have been constructed in [2], see also [5] ). By [5, Section 91 the 
space Cp( NF~) (and C, (A,)) is an absorbing set for the class of absolute Bore1 sets 
of a multiplicative class cy. The same construction works for the class of analytic sets. 
The above example can be interpreted as follows. The space C,(X) is a linear 
subspace of B” homeomorphic to go, the absorbing set for the class of the absolute 
Fv6-sets. All absorbing sets for the classes of absolute Bore1 sets of a multiplicative class 
(Y > 1 (or for the class of analytic spaces) can be obtained as the natural projections 
(i.e., continuous open linear images) of C,(X) onto C,(A) & RA, for suitable closed 
subsets A c X. 
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